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Abstract

The densest known packing of 15 congruent circles on a sphere occurs in two equally
dense varieties. Previously, this was the only known example of a conjecturatiglopti
packing ofn circles on a sphere with multiplicity greater than one. We present three new
examples:n=62, 76 and 117. We discuss these and related examples as manifestations
of symmetry breaking involving structures we call “rotational toggle hanslg

Additionally, we present a rigorous constructionrisfl5, and observe that both the
hexagonal packing of the plane and the icosahedral packing of 12 circles on a sphere
arise as limiting cases from toggle hexagons.

1 I ntroduction

The problem of packing congruent non-overlapping circles on a unit sphere is equivalent
to maximizing the minimum distance between any pair @bints on the sphere (Tammes,
1930 [15]; Fejes Toth, 1964 [4]). Rigorously proved unique solutions are known only for
n<12 andn=24! For other values of various trial-and-error numerical methods have
been used to determine dense packings, of which the best known at any point in time are
generally conjectured to be optimal. Large tables of such results, togetheramnith m
references to earlier work, have been published, most recently by Clare & Kepert 1991 [2]
and Kottwitz 1991 [6]. The largest table (extending+@30), created by N. J. A. Sloane,
with the collaboration of R. H. Hardin, W. D. Smith and others (1994) and updated as
needed, has not been published but is available electronically [5].

By far most of the conjecturally optimal packings found previously are unique in the
sense fully explained below (Section 3). The only exceptional instance is thdsof

! Seng-Hwang Lee presented a solutiomfat3 andn=14 in his unpublished thesis [7] but his proof has
not been generally accepted by researchers inetide f
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in which there are two distinct packings having circles of exactly equal sitefie,

[6]). Below we shall present three new instances of multiplicity twonée, 76 and

117) discovered during recent intensive searches. Furthermore every one of these four
instances will be shown to result from a type of symmetry breaking based on a
characteristic common feature that we call a “rotational hexagonal togglaiefly, a
“toggle”. Such features have previously been reported by Leech & Tarnai 1988 [9] in
packings of 22 circles that are slightly inferior to the best known. In addition, we shall
discuss two already known conjecturally optimal packingsnédrl and 54) in which
toggles lead to symmetry breaking without increasing multiplicity. Finedyshall
speculate about a slightly different type of toggle that is conceivable but not geteabs
in a packing.

It is often convenient to consider the nearer pole of each congruent circle to be a member
of a vertex set having a convex hull that is a polyhedron inscribed in the sphere. The
length of the circle diameters is equal to the length of the shortest edges of the conve
hull, and the numbeX of contacts between circles is equal to the number of shortest
edges.

2 Method

The method used in our recent intensive searches is an elaboration of the repulsion-
energy method described previously (Kottwitz, [6]). It should be noted that, while the
application of the method to the packing problem was first suggested by Leech in 1957
[8], the basic idea of this legsith technique goes back to Pdlya (1913) [11]. Itis an
important algorithm in approximation theory (Rice [12]; Cheney, [1]).

The improvements in the power of our searches are consequences of increases in
computer speed, mathematical software capability, and understanding of the problem.
There are three chief changes in the previous method (Kottwitz [6]). First, the mfmber
random starts at a moderate value of the expgnkas been increased from 50 tG,10

and only a few (3 to 10) of the best first stage results are kept for subsequenbescalat
of the exponent. The second change is based on the empirical observation that, as the
exponenp increases, the local minima increase in number and occur in closely related
clusters. Thus, instead of having a single escalation phase during which an approximate
solution is carried straight through from the smallest to the largest exgpmemhave a

set of shorter phases. At the beginning of each escalation phase only the besidew earl
results are kept, and each result is several times subjected to a small rantddvatper
inversely proportional tp.

The third improvement involves the refinement procedure in which approximate
solutions corresponding fovalues of 18or higher, are adjusted to “exact” solutions,
corresponding to the limp — . We continue to employ the remarkable empirical fact
that (forn > 5) each candidate convex hull has been found to have a sufficiently large
number of equal shortest edges to provide eno2ighk 2) independent equations to
determine a unique rigid substructure. This fact is related to Danzer’s “almost
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conjecture” [3], which has been discussed at length by Tarnai & Gaspar 1983 [16]. The
ordinary refinement procedure has been supplemented by a superrefinement that produces
as many as 80 significant figures through the use of the variable precision fedhae of

Maple computer algebra system. When two distinct packings have shortest edges that
equal to such extreme precision, we tentatively conclude that the equalitytis &tace

such an equality of irrational numbers is not likely to be an accident but rather the
expression of some sort of invariance, we then seek an explanation involving symmetry

in some way. Experience so far shows that the explanation is in fact based on gymmetr
breaking.

3  Multiplicity

As mentioned in the introduction, the vast majority of conjecturally optimal packiegs ar
unique, i.e., of multiplicity one. In this we are following a convention in much of
mathematics and physics when considering structures in isolation. The difference
between right-handed and left-handed versions of a chiral structure is ignored, tecause i
is considered to be essentially trivial.

In order to efficiently recognize possible instances of multiplicity grela#e one, the
searching process maintains a special list of the top candidate packings. Tbe data f
each structure include, in addition to the essential shortest edge length, higleprecis
values of two invariant quantitigdsandB that have been empirically found to be
characteristic of a particular rigid framework (Kottwitz [6p.is the average of all
distances between vertices of the rigid framework, vwikethe average of the
reciprocals of those same distances. The valudsaofiB are independent of the
handedness, if any, of the structure. Thus the first indication of an instance of
multiplicity greater than one is an output table having two or more top lines with almost
equal shortest edge lengths but differing values afdB. The question of exactness of
the equality is then resolved practically by the superrefinement procedure.

4  Truly Exact Solutions

One interesting feature of the polyhedra (see section 1) associated with safitions
Tammes’ problem is that they can be positioned so the Cartesian coordinates of their
vertices are algebraic numbers. This is because the equality of the squaret stiget®
determines a system of polynomial equations over the integers, and the vertex @srdinat
are an isolated solution of this system. In this section we focus on the algebraic aumber
which is the inner product of unit vectors determined by the endpoints of any shortest
edge. Thusi=xx; +yy, +zz where(x,y;,z) and(x;,y;,z,) are the endpoints of a

shortest edge. The numheis also the cosine of the minimal separation angle, i.e., the
central angle subtending a shortest edge. Since the didneteach of the congruent
circles equals the length of the shortest edgesalso the cosine of the central angle
which subtends the diameter of each circle. The quantigesiD are related by the

equationD? = 2- 2u so the minimal polynomial dd normally has twice the degree of
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the minimal polynomial fou. Partly for this reason we seek the minimal polynomial for
u rather than fob. In additionu is scale-independent wherdaslepends on the arbitrary
choice of sphere radius equal to one.

Conceivably, the equations that determine the vertices could be inconsistent. We have,
after all, only an approximate solution given by the numerical coordinates output by our
search algorithm. Our belief that the alleged circle packing truly egib@stered when

we observe, as we do, quadratic convergence of our superrefinement algorithm,
essentially an arbitrary precision implementation of the Newton-Raphson methgd usi
Maple. But ultimate confirmation comes from an algebraic solution as provided by a
Grobner basis culminating in a univariate polynomialuofThis provides, in essence, a
description of all coordinates of the points in the rigid frame in termas @e were able

to find such Grobner bases using Maple V release 4 in many of the simplet ddses.
Grobner bases are too complicated to present here, but we provide in Table 1 all minimal
polynomials foru that we have been able to compute, together with the associated
numeric values aofi accurate to 20 significant figures. These minimal polynomials are for
uwhenn<18 and whenn =20, 24,27,30,32,38,48,50,52,1. Additional comments

follow the table.

Table 1
n u (20 digit accuracy) minimal polynomial for u
2 | —1.0000000000000000000 u+l
3 | —.50000000000000000000 2u+1
4 | —.33333333333333333333 3u+1
5 | .00000000000000000000 u
6 | .00000000000000000000 u
7 | .21013831273060308487 W —9ui- 3+ 1
8 | .26120387496374144251 702+ 2u—1
9 | .33333333333333333333 3u-1
10 | .40439432521625075685 0% - 402 — A+ 1
11 | .44721359549995793928 542 -1
12 | .44721359549995793928 542 -1
13 | .54263648682963846368 W =240 —12°+ 815+ 38+ 24°— 12— &+
14 | .56395030036050516749 A0t —2u%+ 2—1
15 | .59260590292507377810 13u° -u*+6u’+2u°-3u-1
16 | .61229461648269661601 2+ B+ Bt + 41— B2— -
17 .62809441507002164643 A°-90° + 2448+ 1287 - 58°- 78°+ 3B
3 -a’-a-1
18 | .64869583222311652908 216u™ + 108"+ 118°+ 209°- 100'- 160+ dC
+46u° - 2008 - 12°+ 21+ 1
20 | .67647713812965145207 1% - U2 - i+ 1

2 Unfortunately later releases of Maple at leasiubh version 7contain new Grobner routines whieh ar
less effective for these problems.



24

.72307846833350853703

7@ +ui-u-1

27

.75838921077657748391

16u* -1281%°+ 5361~ 2088*'+ 49T~ 12268°
+206721'° - 36126+ 51048°- 73408+ 104108
-13792&"° + 175090~ 181700'+ 155986
-92916° + 3222@°+ 6608 - 16568+ 8192
-18431* - 490°+ 128°+ @- 1

30

.78155187509498732710

21508124014% + 32054106929 - 17306462682
-25038151480%° + 45587477052+ 387558874
-43255133604%° - 45501640088+ 10460524458
+17929512406%° - 48287862@8- 54472842%4
+4496890016" + 42351645u"° — 436447576
-1539874224" - 48733641+ 100621747
+97938998" + 20609352°+ 665516+ 320763
+2721881" - 671@°— 34298- 7289+ 386
+3684° + 561+ 3

32

.79361661487126244036

65617 — 43747 - 94041°+ 1289844°+ 360506
-4301046" + 6019389°+ 2388a8- 10407866
+78941641° + 7975830°- 7790088- 3481466
+3831332° + 843658 — 13033W6- 31189
+14829Q° + 3966d* - 36G60- 158°+181+ 9

38

.82658325942170668123

363 + 76801+ 34299°- 77139+ 6898¢
-318331" + 6564° - 729

48

.85929229507565992163

34u° +151* - 12°- 14°- 6-

50

.86817320912689745167

386U + 1679+ 6438'°- 748°- 2287F- 1929(

+8491° + 19170° - 5580' - 6885- 1765
+299U - 567

52

.87296670878017463991

4480011 + 1243448°+ 22602000+ 2517942
+1365340"7 - 424904 1782664 - 1847944
-8641861° — 12568’ + 192280+ 95976+ 1967
+936u° — 248° - 241+ 1

120

.94366230733258023900

13644° + 1230° - 700°- 1468 - 688+ 13€
+286u% + 108°+ 4°- 6- 1

For each positive integer<12 and forn = 24, table 1 gives the minimal polynomial
associated with the proven optimal packingnefqual circles on a sphere, or in an




alternate parlance, the minimal polynomials assediaith the proven optimal spherical
codes of size. For the other values af the minimal polynomial is for theonjecturally
optimal spherical code of sire For the smallest values wfand for the classical cases
n=4 (regular tetrahedron)) =6 (regular octahedron), anid=12 (regular icosahedron)
it must be considered that these polynomials atelkwewn. However, the only one of
these polynomials we have actually seen in prifdns =8 (square antiprism), and we
find this polynomial explicitly in Schiitte and vder Waerden [14]. In the same paper
they not only prove the optimality for the pointaarxgements witm=5,6,7,8 or 9

points, but also provide sufficient informationdasily compute the minimal polynomial
for u for these values af and forn =10and 24. For example, they state that the
radius,o, of the smallest sphere on which 10 points muge Ipairwise linear separation

of at least one unit satisfies the polynomial equnat

160° — 44p* + 34° - 7= (.

We easily find thato® =1/(2- 2u) and, after substituting this into the above potyied
and simplifying, the left side becomes a ratiomaiction with numerator
7u® - 4u® - 21+ 1, our minimal polynomial fom=10.

The polynomials in Table 1 of degree 11 or lessevieund using Grébner basis methods
or resultants in Maple V release 4. The polynosndidegree 12 or more were found
using the well known LLL algorithm [10] with supefmed inputs with accuracy from
one hundred to several hundred digits. The regufiblynomials were ‘verified’ by
computing twice as many digits farfrom the polynomial system, using our super-
refinement (Newton-Raphson) method, and verifylmg tvhen these values are
substituted into the alleged minimal polynomials énrors are reduced correspondingly.

The minimal polynomial ofi factors overQ(\/E) for n=8,16; the minimal polynomial

for u factors overQ(\/?S) for n=38; the minimal polynomial fou factors overQ(\/g)
for n=11,12,12(, the minimal polynomial fou factors oveQ extended by the ninth
roots of unity whem =7. Schitte and van der Waerden [14] give the exaloe

_ _cos 80
1-co0s80

whenn =7, and this is easily verified by substituting irBo® — 9u® - 34+ 1, the minimal
polynomial whenn=7. Perhaps the easiest way to desaniladhenn=7is to letr be
the root of3r® — 3r +1 whose approximate value is=.394931. Then the circle
diameter squared iB* = 4r andu =1- 2r =.210138.

The remainder of this section is devoted to pragdexact coordinates for the
polyhedron associated with the packing of 15 equreles on a unit sphere. This is the
least complicated instance of multiplicity gredtean one and the only one for which we
have been able to present exact coordinates, ararmapute a minimal polynomial.



Both of the equally optimal polyhedra far=15 have a top consisting of an equilateral
triangle from which three equilateral triangula$ hang down, and a similar bottom
although now the flaps point upwards. This accedmt 12 of the 18 vertices shown in
Figure 1, where the top and bottom are transpamgheach has 3 more triangles
attached, ending in the top and bottom pRBjr® andl, J andA, B. Note that the bottom
is rotated a bit with respect to the top. Thisoaurts for 18 vertices in all.

\él \M3

Figurel

The reason there are 18 points instead of 15 ism@dnope to lengthen all edges a bit and
rotate the top with respect to the bottom a liiblenakeP coincide withQ andl coincide
with J andA coincide withB on the equator, thereby reducing the total nurobeertices
by 3. Unfortunately, however, this causes the t3d#), andW,, to be too close to each
other (closer than the length of the triangle ejlgesd similarly for the pair¥,;, W;,
andV,,, W,,, and hence this cannot possibly be an optimahgement. The solution is
to leave the pairs P, Q and I, J and A, B as érsé¢p points, but eventually throw away
one point from each pair. This will again reduoe total number of points from 18 to
15. First we use up one of the two degrees otireeby rotating the top with respect to
the bottom untiM, is equidistant fron® andV,,. By the dihedral symmetry of the 18
points, this causedl, to be equidistant frorhandV,,, andW,, to be equidistant from
andV,,, and the same for,, toJ andW,,, V,, to B andW,,, andV,, to Q andW,,.

These edges are all equal in length but may beesharlonger than the triangle edges.



We use up the other degree of freedom by adjusttiedriangle edges until all of these
edges are equal, which also makes their commotHenmaximum.

Now, concerning the proximate point pai(®,Q), (1,J), (A B), the first of each pair
lies above the equator and the second below. Hewmve one point from each pair (and
the incident edges) what remains is still a rigrdcure but now with only 15 points.
There are two possibilities: either the removeih{scall lie on one side of the equator,
or two are on one side and one on the other. dfitt case the dihedral symmetry is
broken and reduced to a threefold rotational symyndh the second case the dihedral
symmetry is broken completely and the resultinggobpas no symmetry. These two
structures are the two putatively optimal arrangasér 15 points on a sphere, and
clearly they have identical shortest edges.

Figures 2a and 2b show planar maps of these twotstes. These were obtained by
projecting the structures onto an equatorially éamigylinder and unrolling it. The left
and right sides should be identified in each figudd solid lines represent shortest
edges, 30 for each structure. The dashed linethasimall empty circles they connect
represent the removed edges and points.

Figure2a

n =15 threefold rotational symmetry



Figure2b

n=15 no symmetry

Note the rotationally symmetric hexagons with tWteraative locations for points within.
The presence of such hexagons is a repeating tivaib will recur in all of the point
arrangements discussed in subsequent sections.

Now we give exact coordinates for the 18 pointsdesd in the two arrangements for
n=15. To take advantage of the threefold symmetry exibe configuration of 18
points we position the centers of the top and Inotitangles on the lin&k=y =z, and

place the sphere center at the origin. The coatds then take the form:

V,,V,,V,: (a, b, c), (c, a, b), (b, c, a)

V5, Vo5V (d, e 1), (f, d,e), (e, f,d)

P,l,A: (r, s, t), t, r,s), (s, t,r)
Q,J,B: (-t,—s,-r), (=r,-t,—-s), (=s,—r,-t)
Wp, Wos, W,y (-f,—e—d), (-e-d,-f), (-d,-f,—e)
W, W, W,: (-c,—b,—-a), (-b,—a,-c¢), (-a,—c,—b)

All guantities will be expressed in terms of themersa, b, c andu which must satisfy
the constraint®® +b*+c*=1 andac+ba+cb=u. The first equation indicates thdt

is a unit vector, and the second indicates thattisene of the minimal separation angle,
e.g. the inner product &f andV,, equals the number The numeric values @f b, c,

andu will be determined later. Details of the compiatas are omitted but may be
checked, most easily with the aid of a computeelaig system. Fat, e, andf we obtain

OI:(Za—b+ 2cu-b o= (22a+ d-cu-c f = Fa+ D+ Zy-a
u+l ’ u+l ' u+1l ’

and forr, s, t we obtain
(= (6a-2c+ DU+ 2-b-cu-b
(u+1)°
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o= (6b-2a+ X u’+ 2p-c—-au-c
) (u+1)?

(= (6c-2b+ 3+ 2c-a-bu-a
) (u+1)? |

With these values all 18 vectors will be unit vest@nd all inner products between unit
vectors pointing to endpoints tsfangle edges in Figure 2a (or Figure 2b) will be equal to
u. This is true irrespective of the numeric valaés, b, c andu, providing only that the
constraint equations are true amd 1.

To determine the values afb, ¢, andu which give the optimal structures far=15, we
must symbolically solve a system of four simultamgequadratic equations consisting of
the two inner product equatiol,-P =V,,»P =u (representative ohon-triangle edges)

together with the constraint equations (see theudson immediately following Figure
1). The results can be verified using Grobnershasbther elimination methods in most
computer algebra systems. We find thagtisfies the univariate polynomial equation
(its minimal polynomial)

1 -ut+ e+ 4’- - 1=

and has the approximate numeric vallre.5926059029250737°. From this we find
using the equation

9(4uZ —u-1)(3u+ 1fb*+ 21 (62°— 156°— 3AT°+ B+ 15f+u? (F-u- DG B

which is a quadratic equation bf. Its roots are approximately =.17149030980937497¢
b, =.8140071519045099: and their negatives. The equation

_b’u® +1&°u+ 29°+ B°- 18°- 1l
(Bu+D)(Du+ D*- B*+u)

givesc, =.41173191402288478¢, ¢, =.57376554769100010¢, and the negatives of
these using the four possible substitutionb.ofFinally, substitutindo=b, andc=c, or
b=b, andc=c, into the equation

_u-hc

" b+c

we get two solutions, =.8950239687385675¢and a, =.0904734929753173: for a.

Although it appears that we have four solutianas obtained above, together with one of
(a,b,c), (a,,b,,c,), (-a,-b,—c,) or (-a,—-b,-c,), in fact these all give the same
arrangement of 18 points on a sphere up to orthedgoatrices. Specifically, passing
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from (a,b,,c,) to (a,,b,,c,) simply rotates the structure b0 about the line
x=y=2z. Infact, one can show that the matrix equation

1 -1 2 2)\(a a,
-2 -1 2| b|=|b,
2 2 -1lc C,

is exact. Also, the structures associated \{athb,,c,)and (-a,,—b,,—c,) are identical
except they are of opposite chirality. The santeus for (a,,b,,c,) and(-a,—b,,—-c,).

So there is really just one structure. A couplearfacts about it: if8 is the angle of
rotation between the top and bottom triangles assomed by the angle between the
vectorsW, -W, andV, -V, then

cosf = %ﬁ = 0.140005,
1+3u

S0 £=98.0481". We might be more likely to consider the offsegla between the top

and bottom triangles d20 — = 21.9518t. The angle between the proximate points,
that is, betweeR andQ or between andJ or betweerA andB is approximately
12.34265.

As discussed above, this arrangement of 18 pa@nistia good one because of the pairs
(P,Q), (1,J), and(A,B) of close-together points. But, by removing ongnpfsrom

each pair, which can be done in two geometricaffgrnt ways, we obtain the two
equally optimal but geometrically different arrangents of 15 points on a sphere. This,
however, comes at the cost of breaking the symnoétitye original structure.

5 Symmetry Breaking

An informal definition might read as follows: syretry breaking occurs if and only if a
symmetrical antecedent structure is followed, latlycor temporally, by a less
symmetrical consequent structure. A large geraéagk of examples is that in which a
governing equation or system of equations hasugisolless symmetrical than the
equation(s) (Sattinger 1980 [13]). For these tmarsetry breaking is said to be
spontaneous. Another large class is that of ptrassitions, in which a mathematical or
material system experiences an abrupt reducti@yrametry when a parameter crosses a
critical value. For these the symmetry breakinggisl to be induced. In most cases the
symmetry group of the consequent structure is grsulp of the antecedent group.
Perhaps this technical condition ought to be addéke definitior® A frequent
accompaniment of symmetry breaking is an increasled number of consequent

3 A systematic scholarly account of symmetry bregkind its multitude of manifestations in the ard a
sciences is long overdue.
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structures. Thus in many nonlinear systems aesistglble solution branches into two or
more stable solutions at a bifurcation (Sattind&i).

In the context of dense packings of congruentesrcn a sphere we find that symmetry
breaking is manifested in the existence of stresttihat are very nearly symmetrical.
Such structures have much replication of distabetween vertices. Thus a table of the
frequency of intervertex distance values is a veligble tool for recognizing symmetry
breaking in a single structure. An additional ghagnting toward symmetry breaking is a
small excess in the number of shortest edges abevainimum value o2n-2.

6 Symmetry Breaking With Multiplicity One

In order to introduce symmetrical hexagonal toggiete simplest possible contexts, we
first describe two structures in which symmetryaiiag occurs but fails to produce
multiple packings.

The first is the conjecturally optimal packing fer41, an old structure in which symmetry
breaking was noticed, but the toggle feature wagkwattwitz [6]). The structure as a
whole has no symmetry; however, a subset of 40cesrtonstitutes a rigid substructure
with a twofold axis of rotation (point grouf, in Schoenflies notation). Thi@ is the
antecedent symmetry group in this instance. Tlikdddt vertex lies very close to the
rotation axis. The structure can be oriented tkarhis axis vertical with the odd vertex
close to the north pole. An orthographic projattid the congruent circles in that
neighborhood is shown in Figure 3.

Figure3

Schematic diagram of toggle for41.
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Note the distortion due to flattening; on the sptarsurface all of the circles are
congruent and all segments represent equal agreaf circles. The odd circle, centered
at vertex A about 1.05° from the north pole, is surroundea loyg of six tangent circles
in a distorted hexagonal pattern. The odd cilecked into position by its contacts
with circles 2, 3 and 4. Since the ring consisthee symmetrically arranged pairs of
circles, it possesses twofold rotational symmetopad the north pole. This symmetry
and the finite offset of vertexAlfrom the north pole guarantees that there is an
alternative site for a vertex aBl It is not an additional site, since the circé¢dA and

1B would overlap. A circle (shown by a dotted lim¢)IB would be locked by contacts
with circles 2, 3 and 5. Now let us imagine thathave begun construction of the
complete packing by placing 40 of the circles iroéthe twofold symmetrical positions
(not shown). Then for the final placement we nulstose betweerAland B, thus
breaking the symmetry. At first sight, it mightese that we can create two distinct
structures. However, we soon realize that we woulgl have two representations of the
same structure, rotated 180° with respect to ettedr.o Thus we have symmetry breaking
but no increase in multiplicity.

It must be emphasized that the two alternativeexesites are well defined points. Thus
any motion between them would have the naturesofag action. It is this resemblance
to a toggle switch that has led us to dub the sewrete structure in Figure 3 a “rotational
hexagonal toggle” or “toggle” for short.

The second instance of symmetry breaking with iplidity one occurs fon=54, again
an old structure in which symmetry breaking wasaeak, but the toggle features were not
(Kottwitz [6]). The whole structure has no symmebut a subset of 52 vertices
constitutes a rigid substructure having a fourfolétion-reflection axis (antecedent
groupS). When the structure is oriented to have its sgtnyraxis vertical, there is a
toggle at the north pole and an identical one@stiuth pole. In accordance wih
symmetry the two toggles are shiftedl with respect to each other. The situation is
shown schematically in Figure 4, where only the pao's of potential site\(& B; | &

J) for toggling vertices are shown. Placed at alieing corners of a long upright
parallelepiped with a square cross section thecty indicate the symmetry of the
omitted subset of 52 vertices. Since each of tpass is very close (0.04°) to the north
or south pole, only one member of each can be oedugy a vertex. There are four
possible combinations of these verticéd; BJ, AJ andBI. It is easy to see that and

BJ give rotated versions of precisely the same sirectis dJ andBIl. To get the
relationship betweeAl andAJ, we apply the basic symmetry operation (generatiit)e
groupS;, which is a rotation of 90° around the vertizalxis followed by a reflection in
the horizontak, y-plane, to the combinatioNl. The result i®\J. This shows thahl and
AJ are merely rotated mirror images of each othersdme is true fdl andBJ.
According to the convention adopted in Sectiorightrhanded and left-handed versions
of a structure are equivalent for purposes of tagmmultiplicity. Thus, although there
is symmetry breaking from the fourfold antecedenug S to the trivial groupCs, the
multiplicity is only one.
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Figure4
Schematic diagram of the two pairs of toggle dves=54.

7 Symmetry Breaking With Multiplicity Two

The first instance of symmetry breaking with muitiy two occurs fom=15, an old pair
in which the toggle features were not previousliyiaeal (Kottwitz [6]). One of the
structures has a threefold rotation axis (gr@g) and the other has no symmetry. A
subset of 12 of the vertices constitutes a riglsssucture having a vertical threefold
rotation axis and three horizontal twofold rotateres (antecedent grolp of order 6).
Each of the three odd vertices lies inside a rotaii hexagonal toggle centered at a
horizontal axis. The situation is shown schem#yiga Figure 5, where only the three
pairs of potential toggle siteA & B; 1 & J; P & Q) are placed along the edges of a
circular band representing an equatorial zone@tfihere. They embody the sixfold
symmetry of the omitted subset of 12 vertices. iAgaly one of each pair of sites may
be occupied by a vertex. With two choices at eaghle, there are a total ot=8
combinations. However two of thegdP andBJQ, in which all three odd vertices are on
the same side of the equator, are rotationallyvademt. So are the other six
combinations, in which there is one vertex on dde sf the equator and two on the
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other. Thus there are only two distinct structuties first of which has threefold
rotational symmetry, while the second has no symmet

!

S
Figureb
Schematic diagram of the three pairs of toggles$den=15 andn=117.

The second instance of multiplicity two occursiie62. One of these structures was
discovered previously (Sloane & Hardin [5]), whihee other is new. Each of these
distinct structures has a single twofold rotati@is §groupC,). A subset of 60 of the
vertices constitutes a rigid substructure havimgdlorthogonal twofold axes (antecedent
groupD- of order four). Each of the two odd vertices leside a rotational toggle
centered at opposite ends of one of the horizextes. The situation is shown
schematically in Figure 6, in which only the twarpaf potential toggle sitef\(& B; | &

J) are placed at alternate corners of a long thetareyular parallelepiped. They directly
indicate the symmetry of the omitted subset of éQises. Since each of these pairs is
very close (about 0.9° to the rotation axsakis), only one member of each can be
occupied by an odd vertex. There afe®possible combinationsAl, BJ, AJ andBl. Al
andBJ give the same structure, aAd andBl give another one. Thus there are only two
distinct structures, each having twofold rotatiossahmetry C,).
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Figure6

Schematic diagram of the two pairs of toggle dibe$=62 andn=76.

The third instance of multiplicity two occurs foe76. Again one of these structures was
found previously (Sloane and Hardin, [5]), and ¢kiger is new. There is a great
resemblance between this pair of structures angddhidorn=62 discussed above. The
schematic diagram in Figure 6 is still applicabléne major difference is that these
structures have 74 vertices in the omitted subsah unbroken anteceddbs

symmetry, including two located on tit@xis. This accounts for the fact that this
number (74) is not a multiple of 4. Again there two distinct structures, each having
twofold rotational symmetry@).

The fourth instance of multiplicity two occurs ferl1l7. One of these structures was
found previously (Sloane & Hardin [5]), and theetls new. This pair bears a great
resemblance to the pair for1l5. The diagram in Figure 5 is applicable. Tthese are
two distinct structures, one having threefold riotzl symmetry Cs) and the other
having no symmetry.

8 Summary of Results

A summary of the symmetry-related properties ofggaekings that exhibit symmetry
breaking is given in Table 2. For each valuae die following items are listed: the
Schoenflies symbdb of the point group; an indicatidh (Yes/No) whether or not the
structure is chiral; the ord€ of the point group; the numbeé&rof toggle features; the
multiplicity M; a list ofs(m) for the numbes of subsets containing equivalent
vertices; the Schoenflies syml®) of the antecedent point group; the or@grof the

16



antecedent point group; and a literature refereismveral of these items, as well as most
of those in the following Table 3, have been dé&sdtiin detail previously (Kottwitz, [6]).

Table 2
n GE OTM s(m) G, O, Reference

15A|CG,| Y| 3| 3| 2 5(3) |D,| 6 | Schitte & van der Waerden (1951), [12]

15B|C,| Y| 1| 3| 2| 15@1) |D,| 6 | Kottwitz (1991), [6]

41 |1C | Y| 1| 1| 1| 41(1) |G| 2| Kottwitz (1991), [6]

54 |[C|Y|1|2] 1| 54 |S | 4| Kottwitz (1991), [6]

62AC| Y| 2| 2| 2| 31(2) |D,| 4| Hardin, Sloane & Smith (1994), [5]

62B|C,| Y| 2| 2| 2| 62(1) |D,| 4| Presentwork (found in 1994)

76A|IC | Y| 2| 2| 2|37(2),2(1)D,| 4 | Hardin, Sloane & Smith (1994), [5]

76B|C,| Y| 2| 2| 2| 38(2) |D,| 4| Presentwork (found in 1994)
117A|CG| Y| 3| 3| 2| 393) |Dy| 6| Presentwork (found in 1994)
117B|C,| Y| 1| 3| 2| 117(1) |D,| 6 | Hardin, Sloane & Smith (1994), [5]

A summary of the metric properties of these packisggiven in Table 3. The following
items are listed there: the linear diam&eof the congruent circles; the numidéof
shortest edges (circle contacts); the averagendisfabetween vertices of the rigid
framework; the averade of the reciprocal of the distance between vertafdbe rigid
framework; the angular diametin degrees of the congruent circles; the packing
densityF; the numbeR of vertices free to rattle; the numbeiof holes (which contain

rattlers); and the central andlen degrees between the toggle positions.

Table 3

n D N A B d° F RH t°

15A (0. 90265618822997| 30|1.412540888198|0. 769991232589 |53. 657850129933 |0. 807314364191 0|0 |12. 342651435515
15B (0. 90265618822997| 30|1.412675682176|0. 769957408268 |53. 657850129933 |0. 807314364191 |0(0|12. 342651435515
41 |0.56349562016289| 81|1.363408493292|0. 849150683902 |32. 729094415061 |0. 830485858088 |0 (0| 2. 109406749588
54 |0.49597518817382|106|1. 356382579540 |0. 866351797858 |28. 716920529594 (0. 843393383937 (0|0 | 0. 086763877870
62A (0. 46152605437000|124 |1. 353475945172 |0. 874443591227 |26. 683996996404 |0. 836690554611 (0|0 | 1.714721258402
62B|0. 46152605437000|124 | 1. 353475918465 |0. 874443597904 |26. 683996996404 |0. 836690554611 |0|0 | 1.714721258402
76A|0.41801164317790|150(|1. 350104107031 |0. 885249889189 |24. 128194441650 0. 839252939607 (2|2 | 1.039201778830
76B (0. 41801164317790|150|1. 350104096591 |0. 885249891799 |24. 128194441650 [0. 839252939607 (2|2 | 1. 039201778830
117A0. 33803314892755|225 (1. 344344359790 |0. 906792209051 |19. 461291100101 |0. 841627279398 |6 |3 | 0. 064529442388
117B|0. 33803314892755|225|1. 344344359764 |0. 906792209073 |19. 461291100101 (0. 841627279398 (6 (3| 0.064529442388

Detailed numerical results for each packing arélavie electronically. The items
tabulated include coordinates for each vertex.

* The Internet address is http://jobuddenh.home.tag#fpack/sphere/mult/
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9 Discussion

The single feature common to all of the observesthimces of symmetry breaking is the
rotational hexagonal toggle sketched in Figuré&ach of these toggles is centered at a
twofold rotation axis of a substructure that coméaa great majority of the vertices. The
presence of a vertex at one of the toggle sitesayssthe antecedent rotational symmetry
operation, thus reducing the symmetry of the cote@é&ucture.

If only one toggle feature is present, asrfed1l, symmetry breaking occurs, but
multiplicity is not increased. If there are tw@gtes, the situation is more complicated;
for n=54 multiplicity is not increased, but for bath62 andn=76 the multiplicity is two.
Finally for bothn=15 andn=117, where the number of toggles is three, thdiptigity is
two.

The toggles represented schematically by Figuné& dh size and shape. In fact these
toggles have two degrees of freedom. A naturalgfadescriptive parameters would be
the angular diameterof the congruent circles and the arc length betvtke alternative
vertex sites A and B.

10 Hypothetical Structures With Symmetry Breaking

In addition to those already observed it is eagynegine other types of structures having
symmetry breaking and multiplicity greater than .oitne simplest would have an
antecedent point grou@, (a single twofold axis) and a toggle centeredaah pole. The
consequent structures would have multiplicity twad @0 symmetry.

A more general class of structures might have a&cadent point group,;, wherej > 3.

This has g-fold vertical axis angl twofold horizontal axes. There would be a toggle
centered at one pole of each horizontal axis. eikample, forj = 4, there would be®?2
=16 possible combinations of toggle settings ewadhjtuesulting in a multiplicity of four.
In fact, a packing in this class was describedcade ago, but since it was found to be
suboptimal and unstable, it was mentioned onlyaissing (Leech & Tarnai [9]).

A different class of structures could result fromypothetical variety of toggle feature,
which is shown schematically in Figure 7. The atifference between Figures 3 and 7
is the positioning of vertices 4 and 6. In Figdrihe hexagonal ring has reflectional
rather than rotational symmetry. Thus we desigtieesntire hypothetical feature as a
"reflectional hexagonal toggle". Such a featuraildaaturally be centered at a point on
a reflection plane. If two or more such featuresenlocated at the same reflection plane,
then alternative combinations of vertex sites likReand B would result in symmetry
breaking and increased multiplicity.
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Figure7

Schematic diagram of a hypothetical reflectionaddgonal toggle.

The ultimate variety of hexagonal toggle comes axstence when, for a given circle
size, the separation between vertex sifearid B reaches its maximum value. Then the
diagrams in Figures 3 and 7 coalesce into onetlantlexagonal ring has both rotational
and reflectional symmetry. Since such a hypersymaom®ggle has only one degree of
freedom, it must be a highly improbable instrunfentsymmetry breaking in very dense
packings. Nevertheless, it may be of some intesaste its two limiting cases do in fact
occur in two of the most interesting and symmaetaosest packings. As the diameter of
circles in the hypersymmetric hexagonal toggle el@ees to zero, the separation between
the vertex sitesA and B decreases to zero. As long #sahd B are distinct, there is a
legitimate toggle. At the limit, whereAland B coincide, the toggle feature vanishes,
and we are left with only one inner circle in cantaith the six congruent circles that
form a regular hexagonal ring. This limit corres@s to the hexagonal packing of circles
on a plane, known to be the densest possiblehedbther extreme, as the separation
between A and B increases td, the overlap between the inner circles decreasesrtl
zero. As long as the area of overlap is nonzéegetis a legitimate toggle. At the limit,
where the separationds the overlap and the toggle feature vanish simattasly. Then
there is space for an additional inner circle mplacking. Each inner circle is in contact
with five congruent circles that form a regular fagonal ring. This limit corresponds to
the regular icosahedral packing of 12 congruewtasron a sphere, known to be a very
dense packing. Thus we conclude by noting thahyipethetical hypersymmetric toggle
is in some sense a connecting link between thanast remarkable packings known.
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